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Scheduling
 Consider the following problem: in a university, assign exams to time 
slots in such a way:
1)  every student can do the exams of the courses he is taking;
2)  the total number of used time slots is minimized.
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 Problem: assign a frequency to broadcast emitting 
stations in such a way that interfering stations use different 
frequencies.
Frequency assignment
Map Coloring
 Color the map of England, in such a way that no two 
counties touching with a common stretch of boundary 
are given the same color, by using the smallest number 
of colors.
 the Four Color Conjecture was proposed by Francis 
Guthrie in 1852.
Air Traffic Control
 Aircrafts are approaching an airport. The traffic control 
system assigns them an altitude, where they wait their 
landing time. If the arrival intervals of two planes overlap, 
they cannot use the same altitude. The available 
altitudes are limited, and have to be assigned efficiently.
 Equivalent: Train Platforming.
Graph
 A graph is a set of elements called nodes or vertices, 
connected by edges (non-oriented) o arcs (oriented). 
 Formally, a graph is an ordered pair G = (V, E) 
comprising a set V of vertices or nodes together with 
a set E of edges or arcs, which are 2-element subsets 
of V.
Vertex Coloring Problem
Vertex Coloring Problem (VCP)
 Given an undirected graph G=(V,E) with n = |V| and m = |E|, assign a 
color to each vertex in such a way that colors on adjacent vertices are 
different and the number of colors used is minimized. 
 The chromatic number χ is minimum number of colors which can be 
used.
 Problem: assign a frequency (color) to broadcast emitting 
stations in such a way that adjacent (and possibly 
interfering) stations use different frequencies (colors).
Frequency assignment
Vertex Coloring Problem
Scheduling
 Consider the following problem: in a university, assign exams to time 
slots in such a way:
1)  every student can do the exams of the courses he is taking;
2)  the total number of used time slots is minimized.
i.e.  Color the graph G=(V, E) where:
V = {exams}
E = {(i,j) s.t. exists a student taking both courses i and j}
And one color corresponds to a time slot.
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9-11 math, art
11-13 physics, history
15-17 chemistry
Vertex Coloring Problem
The clique bound
 A clique K is a complete subgraph of the original graph. The 
cardinality of a clique is a lower bound on the chromatic 
number χ. 
1
2
3
4
5
Vertex Coloring Problem
 Binary variables:   1 if vertex i has color h i=1,…,n
0 otherwise                        h=1,…,n
1 if color h is used
0 otherwise
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ILP model (1) for VCP
{=hy
Vertex Coloring Problem
Model (1) is a weak model:
 Its continuos relaxation has the useless solution of value 2:         
y1 = 1, y2 = 1;    yh =0   h = 3,…,n
xi1 = xi2 = 1/2                i=1,…,n
xih = 0                           i=1,…,n     h=3,…,n
ILP Model (1) for VCP
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• Every solution of value k (<n) has                    
equivalent representations, k! once the k colors have 
been chosen:
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Vertex Coloring Problem
Stable Sets
 A Stable Set of G=(V,E) is a subset of vertices such that there is no edge 
in E connecting any pair. 
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Feasible coloring -> partitioning of the graph in stable sets.
Vertex Coloring Problem
Set Partitioning Formulation for VCP
 Feasible coloring -> partition of the graph in stable sets. S = family 
of all stable sets of G
 Binary variables:   1 if stable set s is given a color
0 otherwise
(1)
s.t.
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Controllo del traffico Aereo
Vertex Coloring Problem
Assegnare quote di attesa ai voli sotto elencati, in 
modo tale che voli con intervalli di avvicinamento 
anche solo parzialmente sovrapposti ricevano quote 
diverse. Si minimizzi il numero di quote occupate.
volo
inizio 
avvicinamento
orario 
atterraggio
1 9:00 9:36
2 9:04 9:26
3 9:30 9:55
4 9:52 10:10
Odd Cycle
Vertex Coloring Problem
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Colorare questo grafo risolvendo i 2 modelli 
proposti per il VCP. Come cambia la soluzione 
del rilassamento continuo?
